Abstract. Ramanujan's famous partition congruences modulo powers of 5, 7, and 11 imply that certain sequences of partition generating functions tend -adically to 0. Although these congruences have inspired research in many directions, little is known about the -adic behavior of these sequences for primes ≥ 13. We show that these sequences are governed by "fractal" behavior. Modulo any power of a prime ≥ 5, these sequences of generating functions -adically converge to linear combinations of at most 
Introduction and statement of results
A partition of a positive integer n is any nonincreasing sequence of positive integers which sum to n. The partition function p(n), which counts the number of partitions of n, defines a provocative sequence of integers:
1 The study of p(n) has played a central role in number theory. Indeed, Hardy and Ramanujan invented the "circle method" in analytic number theory in their work on p(n) asymptotics. In terms of congruences, p(n) has served as a testing ground for fundamental constructions in the theory of modular forms. Indeed, some of the deepest results on partition congruences have been obtained by making use of modular equations, Hecke operators, Shimura's correspondence, and the Deligne-Serre theory of -adic Galois representations.
Here we revisit the theory of Ramanujan's celebrated congruences, which assert that (note that q := e 2πiz throughout, p(0) = 1, and p(α) = 0 if α < 0 or α ∈ Z). Little is known about the -adic properties of the P (b; z), as b → +∞, for primes ≥ 13. We address this topic, and we show, despite the absence of modular equations, that these functions are nicely constrained -adically. They are "self-similar", with resolution that improves as one "zooms in" appropriately. Throughout, if ≥ 5 is prime and m ≥ 1, then we let To illustrate the general theorem (see Theorem 1.2), we first highlight the phenomenon for powers of the primes 5 ≤ ≤ 31. Remark. Boylan and Webb [12] have recently lengthened the range on b in Theorem 1.1. They show that one can let b (m) := 2m − 1. Numerics show that this is best possible bound.
Example. Here we illustrate Theorem 1.1 with = 13. For m = 1, Theorem 1.1 applies for every pair of positive integers b 1 < b 2 with the same parity. We let b 1 := 1 and b 2 := 3. It turns out that A 13 (1, 3, 1) = 6, and so we have that p(13 3 n + 1007) ≡ 6p(13n + 6) (mod 13).
By direct calculation, we find that 
If ≥ 5 is prime and m ≥ 1, then we let k (m) := m−1 ( − 1). In §3.3 we consider the action of a special alternating sequence of operators applied to
, the space of weight k (m) cusp forms on SL 2 (Z) with integer coefficients. We define Ω (m) to be the Z/ m Z-module of the reductions modulo m of those forms which arise as images after applying at least the first b (m) operators. We bound the dimension of Ω (m) independently of m, and we relate the partition generating functions to the forms in this space. 
where
Four remarks.
(1) As the proof will show, each form
. Since these spaces are trivial for ∈ {5, 7, 11}, Theorem 1.2 for these follows immediately from the Ramanujan congruences. Conversely, if ∈ {5, 7, 11} and m ≥ 1, then the proof of Theorem 1.2 will show that for b ≥ b (m) that
We do not see how to obtain the full strength of the Ramanujan congruences using only the ideas in the proof of Theorem 1.2. The extra information provided by the modular equations employed by Atkin, Ramanujan, and Watson seem to be necessary for this task. 
Theorem 1.2 shows that the partition numbers are self-similar -adically with resolutions that improve as one zooms in properly using the stochastic process which defines the P (b; z). Indeed, the P (b; z) (mod m ), for b ≥ b (m), form periodic orbits. Theorem 1.2 bounds the corresponding "Hausdorff dimensions", and these dimensions only depend on . For ∈ {5, 7, 11}, the dimension is 0, a fact that is beautifully illustrated by Ramanujan's congruences, and for 13 ≤ ≤ 23, the dimension is 1. Theorem 1.1 summarizes these observations for 5 ≤ ≤ 23 and the proof will show how to include the primes = 29 and 31. Theorem 1.2 is inspired by the famous work of Atkin and O'Brien [7, 8, 10 ] from the 1960s. Their papers suggested the existence of a richer theory of partition congruences than was known at the time. Although Ramanujan's congruences had already been the subject of many works (for example, see [4, 6, 7, 10, 21, 24, 25, 31, 32] to name a few), 1 mathematicians had little luck in finding any further partition congruences. Then Atkin and O'Brien [7, 10] surprisingly produced congruences modulo the primes 13 ≤ ≤ 31. For example, Atkin proved that
In the late 1990s, the third author revisited their work using -adic Galois representations and the theory of half-integral weight modular forms [26] , and he proved that there are such congruences modulo every prime ≥ 5. Ahlgren and the third author [1, 3] later extended this to include all moduli coprime to 6. Other recent works by the third author and Lovejoy, Garvan, Weaver 2 , and Yang [16, 22, 32, 33] give more results along these lines, further removing much of the mystery behind the wild congruences of Atkin and O'Brien.
Despite this new knowledge, one important enigmatic problem about p(n) in Atkin's program on "congruence Hecke operators" has remained open. In [7] Remark. Guerzhoy [18, 19] has confirmed this speculation for level 1 modular functions using the theory of integer weight p-adic modular forms as developed by Hida, and refined by Wan.
For negative half-integral weights, Atkin offered p(n) as evidence of this theory. Contrary to conventional thinking, he suspected that the P (b; 24z) (mod m ), where the b, m → +∞, converge to Hecke eigenforms for = 13 and 17. Since the P (b; 24z), as m → +∞, lie in spaces whose dimensions grow exponentially in m, Atkin believed in the existence of a theory of "congruence Hecke operators", one which depends on but is independent of m.
To be precise, Atkin considered the weight − with Nebentypus χ is defined by
where a(n/c 2 ) = 0 if c 2 n. Hecke operators on Γ 0 (576).
As an immediate corollary, we have the following congruences for p(n). 
Remark. Atkin [7] found such congruences modulo 13 2 , 17 3 , 19 2 , 23 6 , 29, and 31.
To obtain the results in this paper, we begin in §2 by defining a sequence of distinguished modular functions. By construction, these functions contain the P (b; z) as canonical factors. In §3 we briefly recall some important facts from the theory of modular forms modulo as developed by Serre, and we study a special sequence of operators to define a special space Ω (m). In Section 4 we relate the P (b; z) to forms in Ω (m), which allows us to prove Theorem 1.2. In §5 we prove Theorem 1.3 using recent work of Ahlgren and Boylan [2] , Garvan [16] and Yang [33] , and in §6 we conclude with a discussion of some examples.
Partition generating functions
For every prime ≥ 5 we define a sequence of q-series that naturally contain the generating functions P (b; z) as factors. Throughout, suppose that ≥ 5 is prime, and let
.
and we define D( ) by
This paper depends on a special sequence of modular functions. We begin by letting
We have the following elementary lemma.
Lemma 2.1. If b is a nonnegative integer, then
Remark. Sequences like {L (b; z)} have played a central role in the papers [6, 28, 29, 31] .
Proof. If F (q) and G(q) are formal power series with integer exponents, then
The lemma now follows iteratively by combining the definition of Φ (z) with the fact that 
Lemma 2.2. If b is a nonnegative integer, then
. It is well known that the U ( )-operator satisfies
. Moreover, Atkin and Lehner (see Lemma 7 of [9] ) prove that In other words, Φ (z) vanishes at i∞.
The space Ω (m)
We shall apply the theory of modular forms mod to define and study a distinguished space of modular forms modulo m , a space we denote by Ω (m). It will turn out that Ω (m) contains large ranges of the L (b; z) (mod m ). 
Suppose that ≥ 5 is prime. If f is a modular form with integer coefficients, then define ω (f ), the filtration of f modulo , by
The following lemma shall play a central role in the proof of Theorem 1.2.
, then the following are true:
Remark. Lemma 3.2 (2) says that U ( ) is a bijection on weight − 1 modular forms modulo .
Proof. Claims (1) and (2) constitute Lemme 2 on p. 213 of [30] . Claim (3) follows from Théorème 6 (i) on p. 212 of [30] . To prove (4), we note that for = 5, the hypothesis is vacuously true. Indeed, the space S 4 is empty, so f must be congruent modulo 5 to an Eisenstein series of weight 4. But all Eisenstein series of weight 4 with integer coefficients have filtration zero by the Clausen-von Staudt congruences. To prove (4) for ≥ 7, we note that Lemma 3.2 (1) implies that
By Lemma 3.1, the filtration must be a multiple of − 1, and so we obtain (4).
Some consequences.
Here we apply the facts from the previous subsection to study the filtrations of special sequences of modular forms. To this end, suppose that ≥ 5 is prime, and suppose that
Here T ( ) is the usual th Hecke operator of weight k (m).
Remark. We also note that since ∆(z) := η(z) 24 , we have the simple congruence
We obtain the following proposition concerning the filtrations of these forms in the special case where each f (b; z) (mod ) is the reduction modulo of a form in Proof. On modular forms modulo , we have that T ( ) = U ( ), and so we may use the results of the last section. To ease notation, we let ω b := ω (f (b; z)).
We begin by showing that for integers 0 ≤ s ≤ m − 1, we have the inequality
The inequality trivially holds for s = 0 since f (0; z) ∈ M k (m) . Now suppose that (3.3) is true for 0 ≤ s < m − 1. Then we apply Lemma 3.2 (1) to obtain
where we have taken the right hand side to be the maximum with respect to both operators U ( ) and D( ). Lemma 3.1 tells us that the filtration must be an integer multiple of − 1, and so the inequality (3.3) immediately follows since (7 − )/2 < 1 for ≥ 5. 
A special sequence of operators and Ω (m). We consider the alternating sequence of operators
To ease notation, we let G (0; z) := G(z), and for b ≥ 1 we let
We say that a Remark. We stress again that U ( ) ≡ T ( ) (mod m ) on these spaces.
We define the space Ω (m) to be the Z/ m Z-module generated by the set 
These forms all lie in Ω (m), and, of course, we have that d (2) ≤ d . We then have that
where the α j (i) are in Z/ Z. The proof follows now in an obvious way.
The forms L (b; z) and Ω (m)
Here we apply the previous results to prove Theorem 1.2. First we require some preliminaries involving the -adic properties of the functions L (b; z).
Basic -adic properties of the L (b; z).
To prove Theorem 1.2, we shall relate the L (b; z) to forms in Ω (m). We begin with some preliminary facts about these level modular forms.
Lemma 4.1. If ≥ 5 is prime and A (z) := η(z) /η( z), then for every m ≥ 1 we have that
, and satisfies the congruence
Proof. Using facts about Dedekind's eta-function (for example, see Theorem 1.64 and 1.65 of [27] ), it follows that A (z) is a weight ( − 1)/2 holomorphic modular form on Γ 0 ( ) with Nebentypus • . To complete the proof, notice that the claimed congruence follows easily from
and the fact that
where Ψ(q) = ∞ n=1 a(n)q n is a power series with integer coefficients.
For a fixed m ≥ 1, we define weight
Here we used the usual weight k slash operator, which is defined
with the matrix W := (
The next proposition, whose proof mirrors a calculation of Ahlgren and Boylan (see §5 of [2] ), suffices for our work. In what follows, we define B (b, m) by
Proposition 4.2. If b ≤ B (b, m) is a nonnegative integer, then we have that
Proof. It is well known that
where α is a 24-th root of unity. Using the definition of W and applying (4.3), we find
Let ζ ν := exp(2πi/ν). In view of this identity, by Lemma 4.1 and (4.1), it suffices to show that
in an appropriate power series ring. The case when b = 0 is trivial, so we first consider the case when b = 1. We have that
where we have used (4.3), and that
Using this fact we can write
where the first matrix on the right hand side is in SL 2 (Z). Thus we deduce that
where j, is a 24th root of unity, and we have used the general modular transformation law for η(z). Thus, we re-write (4.5) as
where again we have used (4.3) to deduce the contribution arising from j = 0. One then has that the term corresponding to j in (4.7), where 1
, and the term corresponding to j = 0 in (4.7) is
These observations combined with the fact that Although the details are messier, the case for 1 < b < B (b, m) follows similarly. Indeed, for even b, we see that L(b; z) is defined by a nested sequence involving b/2 instances of the function Φ(z), with that same number of applications of U ( 2 ) as follows: 
Proof of Theorem 4.3. By Lemma 2.2, we have that
is a weight k (m) level weakly holomorphic modular form. Lemma 7 of [9] asserts that To prove results on partition congruences, we made use of the -adic properties of the sequence of special operators. To prove Theorem 1.3 we combine these ideas with the works of Ahlgren and Boylan, Garvan, and Yang related to Ramanujan-type congruences. We recall a result of Ahlgren and Boylan (Theorem 3 of [2] ) which gives congruence relations between our partition generating functions P (b; 24z) and a product of a power of the η-function and a level one modular form. 
We also state a result of Garvan (Proposition 3.1 of [16] ) which has recently been extended by Yang (Theorem 2 of [33] 
Examples
Here we give examples of Theorem 1.2 for the prime = 13. We have that Φ 13 (z) := η(169z)/η(z) = q 7 + q 8 + 2q 9 + . . . .
For m = 1, we have that k 13 (1) = 12, and so if b ≥ 1, then by Theorem 4.3 we have that L 13 (b; z) is congruent modulo 13 to a weight 12 cusp form of level 1, which of course must be a multiple of Ramanujan's ∆(z) = η(z) 24 . The first few terms of L 13 (1; z) are 
